Summary. Implicit time stepping procedures for the time dependent Stokes problem lead to stationary singular perturbation problems at each time step. These singular perturbation problems are systems of saddle point type, which formally approach a mixed formulation of the Poisson equation as the time step tends to zero. Preconditioners for discrete analogous of these systems are discussed. The preconditioners uses standard positive definite elliptic preconditioners as building blocks and lead to condition numbers which are bounded uniformly with respect to the time step and the spatial discretization. The construction of the discrete preconditioners is related to the mapping properties of the corresponding continuous system.
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Introduction
Let ⊂ R n , with n=2 or 3, be a bounded polygonal domain with boundary ∂ . Consider the corresponding initial value problem for the time dependent Stokes problem given by:
(1)
If this initial value problem is discretized by an implicit time stepping procedure we are lead to stationary singular perturbation problems of the form:
Here ε > 0 is the square root of the time step, while p is related to the original pressure by a scaling with the factor ε 2 . The new right-hand side f represents a combination of the velocity at the previous time step and the original forcing term. When such implicit time stepping procedures are combined with a finite element discretization of the spatial variables, then at least one discrete analog of the system (2) has to be solved for each time step. Hence, the efficiency of such solution strategies may depend critically on the development of iterative solvers for discretizations of systems of the form (2).
We recall that many semi-implicit time stepping schemes for the full nonlinear, incompressible Navier-Stokes equation use discrete analogs of linear systems of the form (2) as building blocks. These systems are then combined with a proper method for the nonlinear convection process by a fractional step strategy, cf. for example [12] , or by an approach using Lagrangian coordinates "to remove" the convective term, cf. [26] .
The main purpose of the present paper is to discuss block diagonal preconditioners for discrete analogs of the system (2) when the perturbation parameter ε is allowed to be arbitrary small. More precisely, we shall assume that ε ∈ (0, 1], and our goal is to design precondioners which lead to condition numbers that are bounded uniformly with respect to both ε and the discretization parameter h.
We note that when ε is not too small the system (2) is similar to the stationary Stokes problem, but with an additional lower order term. However, if ε approaches zero then the system formally tends to a mixed formulation of the Poisson equation. This observation can potentially indicate some problems for the corresponding discrete systems, since standard stable finite elements for the Stokes problem may not be stable for the mixed Poisson system. On the other hand, most stable elements for the mixed Poisson system, like the Raviart-Thomas elements, lack some of the continuity conditions required for conforming approximations of the Stokes system. In fact, this issue was discussed in great detail in [21] , where systems of the form (2) was motivated as models for "averaged fluid flow." It was established that if standard H (div) × L 2 norms was used for the mixed Poisson system then none of the most common Stokes elements appeared to be stable, and as consequence, these elements did not perform well for ε small. Motivated by this observation a new family of finite elements were constructed, with stability properties which are uniform with respect to the perturbation parameter ε.
